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Abstract—This paper describes an efficient algorithm based
on moment-matching techniques for simulation of high-speed
circuits in the presence of electromagnetic interference (EMI).
The proposed method is based on the recently developed complex
frequency hopping (CFH) technique for interconnect analysis.
The new technique is useful for susceptibility analysis and is two
to three orders of magnitude faster than conventional simulation
techniques. In addition, it can be extended to the analysis of in-
terconnects with frequency-dependent parameters and nonlinear
terminations.

Index Terms—Circuit simulation, complex frequency hopping,
electromagnetic compatibility, electromagnetic interference, in-
terconnects, moment-matching techniques.

I. INTRODUCTION

T HE CURRENT trend toward more complex designs,
higher operating frequencies, sharper rise times, shrinking

device sizes, low power consumption, and increasing integra-
tion of analog circuits with digital blocks has made signal-
integrity analysis a challenging task. In addition, electrically
long interconnects function as spurious antennas to pick up
emissions from other nearby electronic systems [1]. This
makes susceptibility to emissions a major concern to current
system designers of high-frequency products [2]. Hence, the
availability of interconnect simulation tools, including the
effect of incident fields, is becoming an important design
requirement.

Incident-field coupling to transmission lines have been
a problem of interest for many years. Various modeling
approaches are possible, the most common one being an
extension to the telegrapher’s equations [3]–[6]. This approach
conserves the quasi-TEM assumption, and models the incident-
field effects as distributed sources along the transmission
lines. Various publications have addressed the solution of the
transmission-line equations in the presence of incident fields
[3]–[12]. In general, current simulation techniques rely on
solving the system equations at each frequency point to obtain
the frequency response, and on convolution to obtain the time-
domain response of systems with nonlinear terminations. For
large systems, these techniques could be very expensive in
terms of central processing unit (CPU) time and memory
requirements.

In addition to the electromagnetic interference (EMI) prob-
lems of interconnects, other interconnect effects such as de-
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lay, ringing, and crosstalk represent critical factors in high-
frequency system design, and several authors have studied
these effects and proposed simulation techniques [13]–[20].
Recently, model-reduction techniques [21]–[32] such as com-
plex frequency hopping (CFH) have proven to be efficient and
reliable techniques for interconnect analysis, providing 100 to
1000 times speed-up over conventional simulation methods,
and suited for VLSI and printed circuit board (PCB) designs
where a large number of interconnects has to be considered.
CFH is a moment-matching technique based on approximating
the frequency response of a large linear subnetwork using
multipoint Pad́e expansions, which requires the solution of the
network equations at very few frequency points. In addition,
CFH provides (through macromodeling [27], [32]) an accurate
and efficient link to nonlinear simulators without the need to
use computationally expensive convolution techniques. CFH
has been applied to networks containing lumped elements
and lossy coupled transmission lines [29] with frequency-
dependent parameters [30] and nonlinear terminations [27],
[32].

This paper presents a technique for the simulation of trans-
mission lines excited by incident fields. Based on CFH,
the proposed technique takes full advantage of the benefits
outlined earlier. The transmission-line model derived from the
modified telegrapher’s equations is used to account for the
incident fields. A generalized stamp that includes EMI effects
in a form suitable for moment-matching techniques is derived,
as well as a new moment-generation algorithm for transmis-
sion lines excited by incident fields. The proposed technique
provides a speed-up of one to two orders of magnitudes over
conventional methods for a reasonable accuracy.

This paper is organized as follows. In Section II, an EMI-
based interconnect stamp suitable for moment generation is
presented. Section III briefly outlines the formulation of the
equations representing an arbitrarily large network in the
presence of EMI. Section IV outlines the CFH algorithm, and
presents new moment-generation algorithms for EMI-based
transmission-line models. Some important special cases are
presented in Section V, and a summary of the algorithm is
presented in Section VI. Numerical results which demonstrate
the accuracy and efficiency are given in Section VII.

II. TRANSMISSION-LINE EMI STAMP

The common approach for analysis of interconnects excited
by incident fields is to model them as multiconductor trans-
mission lines with additional distributed sources due to EMI
[3]–[6]. The telegrapher’s equations are, therefore, modified
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to include extra terms representing the distributed sources [1].
Various techniques have been proposed for the solution of
the modified telegrapher’s equations, both in the time and
frequency domain [3]–[12]. In this section, we will present an
efficient method for formulating the transmission-line stamp
of interconnects illuminated by incident fields. The computed
stamp is in a form suitable for simulators based on moment-
matching techniques [31]. The advantage of this approach
is that it allows efficient simulation of large networks with
a large number of lumped and distributed components and
interconnects affected by EMI, while benefiting from the CPU
speed-up gained from moment-matching techniques.

A. Transmission-Line Equations

The transmission-line equations in the presence of radiated
interference can be written in the frequency domain as [1]

(1)

where

(2)

and

(3)

, , , and are the per unit length resistance, inductance,
capacitance, and conductance matrices, respectively.and
are the total voltages and currents along the transmission line.

and are the equivalent distributed voltage and current
sources due to the presence of interference, and are given in
terms of the incident electric and magnetic fields by (4) and
(5), shown in at the bottom of this page [1], [10], where

(6)

and and are the transverse and normal components of the
incident electric and magnetic fields, respectively, as shown
in Fig. 1.

B. Transmission-Line Stamp

The transmission-line stamp is derived from the solution of
Telegrapher’s equations. In this section, we will present the so-
lution of the transmission-line equations, including distributed
sources due to incident fields, and put it in a form suitable

Fig. 1. Transmission lines excited by incident fields.

for moment-matching techniques. The solution of (1) can be
written as

(7)

where is the length of the line, and

(8)

The lumped sources due to EMI can then be expressed using
(7) as

(9)

In order to derive a stamp that is consistent with moment-
matching techniques, the moments of in (9) and the
moments of in (7) are needed. The latter can be accurately
determined using the matrix exponential method [29]. The
moments of will be discussed in Section IV.

C. Transmission-Line Stamp With Incident Plane Waves

In this section, the general formulation in (9) will be
simplified for transmission lines excited by a uniform plane
wave. This approach presents a good approximation for cases
where the simulated system is in the far field of the interference
source [1]. A frequency-domain representation of an incident
uniform plane wave is given by [10], [33]

(10)

where

(11a)

(11b)

conductor referenceconductor (4)

(5)
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Fig. 2. Incident electromagnetic (EM) field.

(11c)

(12a)

(12b)

(12c)

The angles , , and are shown in Fig. 2. For the case
of a uniform plane wave, the forcing function defined
in (3) can be reduced as shown in (13), at the bottom of this
page, where

(14)

and, and are the coordinates of transmission line. In
the case of uniform plane-wave excitation, the dependence of

on can be reduced to an exponential in the form

(15)

Therefore, the additional sources due to distributed voltages
and currents on the transmission line can be expressed as a

product of three different functions of as

(16)

and , , and , shown in (17) and (18), at the
bottom of this page.

The transmission-line stamp (7), (16) developed in this
section is in a form suitable for implementation in moment-
matching techniques. In the following sections, this stamp is
included in the general formulation of circuit equations of an
arbitrarily large network.

III. N ETWORK EQUATIONS IN THE PRESENCE OFEMI

Consider a linear network which contain linear lumped
components and lossy coupled transmission-line sets, with

coupled conductors in transmission-line set. Assume
the network has nodal variables, the frequency-domain
modified nodal admittance (MNA) matrix [22] equations for
the network in the presence of incident field excitation can be
formulated as

(19)

or

(20)
where

vector of the variables describing the
subnetwork , which includes the Laplace-
domain node voltages, appended by cur-
rents through independent voltage sources
and linear inductors;
constant matrices describing the lumped
memory and memoryless elements;
of network , respectively;
represents the lumped sources in the sys-
tem;

(13)

(17)

(18)
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with elements and with
,

with a maximum of one nonzero in each
row or column, is a selector matrix that
maps , the vector of currents
entering the transmission-line subnetwork
, into the node space of the network
;

represents the effect of interference on
transmission-line set;

and relate the terminal voltages and cur-
rents of transmission-line set by the
following expression:

(21)

where is given by (16).

Conventional simulation techniques rely on solving (20) at
a large number of frequency points to obtain the frequency
response. The time-domain response is then calculated using
inverse fast Fourier transform (IFFT) for linear terminations,
and using convolution in case of nonlinear terminations. This
approach has two main disadvantages. First, the CPU cost
of solving the network equations at many frequency points
could be very high due to the large number of lower/upper
(L/U) triangular matrix decompositions (one per frequency
point). Secondly, for nonlinear terminations, the convolution
increases the CPU and memory requirements [38] and can
introduce numerical instability. However, these problems can
be avoided by using CFH [29]. CFH has been applied to lossy
distributed transmission-line networks [31] with frequency-
dependent parameters [30] and nonlinear terminations [27],
[32]. In Section IV, a technique based on CFH is developed
for the simulation of interconnects excited by incident fields.

IV. CFH AND MOMENT CALCULATION IN

THE PRESENCE OFINCIDENT EM FIELDS

The CFH technique is fast and accurate, and naturally lends
itself to the simulation of systems with nonlinear terminations
through time-domain macromodels [32]. In this section, we
will present a brief overview of moment-matching techniques,
and describe a new approach that allows the simulation of
systems in the presence of EMI.

A. Overview of Moment-Matching Techniques

Moment matching is a model-reduction technique, whereby
the Taylor series expansion of the network equations is used
to generate a low-order transfer function approximation. CFH
extends the process to multiple expansion points in the com-
plex plane near or on the imaginary axis, in order to insure
the accuracy of the approximation for the complete frequency
range of interest. A Taylor series expansion of in (19)
around a complex frequency can be written as

(22)

where are the moments of the system and is the
expansion point of the CFH algorithm. Padé approximation

is then used on (22) to obtain a low-order rational transfer
function for the system, which can be used to evaluate the
frequency response of the network, and to compute its poles
and residues to obtain the transient response [31].

Finally, the coefficients of the transfer function are obtained
from the system moments using Padé approximation [31],
[35], [36]. A search algorithm and an efficient method for
the extraction of the poles of the system can be found in
[29]. The algorithm provides a method for the selection and
minimization of optimum expansion points, as well as a
technique for combining the information obtained from each
expansion. An alternative approach, Padé Via Lanczos [37],
overcomes the numerical ill conditioning encountered by direct
Pad́e approximation, but is limited to systems described by
a set of ordinary differential equations. In this paper, the
CFH technique was chosen since it can handle distributed
transmission lines without the need to discretize the partial
differential equations in the spatial domain.

It is to be noted that the main reason behind the efficiency of
the CFH algorithm is that it requires one L/U decomposition
of the matrix per frequency hop, whereas conventional
simulation techniques (e.g., IFFT or time stepping) require
one L/U decomposition for each frequency or time point.
Generally, the number of frequency hops (around two to ten)
is far less than the number of frequency/time points required to
get an accurate solution. The following sections will focus on
the calculation of the system moments for circuits containing
transmission lines excited by incident waves.

B. Calculation of System Moments in the Presence of EMI

Calculation of the system moments defined in (22)
is required at each frequency hop in the CFH algorithm. A
recursive equation for the evaluation of these moments at a
particular frequency can be obtained in the form

(23)

(24)

where the derivatives are obtained in terms of the
lumped components and the moments of the hybrid parameters
of the transmission line, which are calculated using the matrix
exponential method [31]. The coefficients are derived from
the moments of the sources due to EMI . The evaluation
of these coefficients is covered in detail in the following
section.

C. Transmission-Line Moments in the Presence of EMI

The transmission-line stamp is expressed in terms of the
moments of the sources due to EMI for each of the
transmission lines affected, as well as the moments of the
transmission-line hybrid parameters. As shown in Section II,
in the case of incident plane waves, the transmission-line stamp
is expressed as

(25)



944 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 46, NO. 7, JULY 1998

where

(26)

(27)

(28)

(29)

(30)

where is defined in (8), and are defined in Fig. 2,
is the unity matrix, and is the speed of the light in vacuum.
The moments of are defined in terms of , , and ,
the moments of , , and , respectively,

(31)

The moments of are calculated using the matrix expo-
nential method [29], the moments of are obtained from
(18) (examples are shown in Section V). Finally, the following
recursive formulas can be derived for the calculation of the
moments of :

(32)

(33)

The coefficients are determined as follows:

(34)

where is the unity matrix, and coefficients can be
recursively obtained as follows:

(35)

where are given recursively by

(36)

(37)

where is the length of the transmission line and

(38)

(39)

The in (35) is only a formality of description. In general,
only about 20–30 terms are needed if the eigenvalues of
are inside the unit circle in the complex plane at the highest
frequency. For electrically long lines, the eigenvalues will be
outside the unit circle, and the line can be efficiently divided
into subsections by noting that

(40)

(a) (b) (c)

Fig. 3. Special cases.

which implies that the moments of a line can be generated
by squaring the half-line moments. If represents the
half-line moments, and the full-line moments, then

(41)

Using this technique, the line can be subdivided by a power
of two and the moments of the smallest section calculated.

D. Summary of the Calculations of the Source Moments

In this section, a summary of the steps involved in the
calculations of the moments of the incident sources is
given below.

Step 1: Determine the coefficients associated with the
transmission line using (37)–(41).

Step 2: Determine the coefficients using (34).
Step 3: Determine the moments of using (32) and

(33).
Step 4: Determine the moments of using the matrix

exponential technique [29].
Step 5: Determine the moments of (see examples in

Section V).
Step 6: Determine the moments of using (31).

V. SPECIAL CASES

In this section, we will consider some important special
cases presented in [1] (endfire, sidefire, and broadside exci-
tation), in order to illustrate the procedures described in the
previous sections.

A. Endfire Excitation

For endfire excitation [see Fig. 3(a)], the forcing function
becomes

(42)
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where is the distance between the lines andis the speed
of light. The moments of can then be calculated as

(43)

where the moments of are calculated using the matrix
exponential method [29], and is obtained from (32) and
(33) with

(44)

and are defined in (2). The moments of are obtained
from

(45)

The moments of are then obtained using (31).

B. Sidefire Excitation

Similarly, for sidefire excitation [see Fig. 3(b)], sim-
plifies to

(46)

is obtained from (32) and (33) with

(47)

C. Broadside Excitation

Finally, for broadside excitation [see Fig. 3(c)], can be
expressed as

(48)

as in the case of sidefire excitation, is obtained from
(32) and (33) with

(49)

The frequency derivatives of can be easily obtained from

(50)

VI. SUMMARY OF THE SYSTEM-SIMULATION ALGORITHM

The following steps summarize the computational procedure
for evaluating the response of a linear network containing
distributed transmission lines excited by an incident EM field.

• For a frequency :

Step 1: Calculate the transmission-line moments
as outlined in [29].

Step 2: Find the moments of as outlined in
Section IV.

Step 3: Repeat Steps 1 and 2 for every transmission-
line system in the network.

Fig. 4. Two lines excited with an incident field.

Step 4: Find the derivatives of using the
transmission-line moments [29].

Step 5: Calculate the network moments using (23) and
(24).

• Repeat Steps 1–6 at various frequency points according
to the binary search algorithm of CFH.

• Use the CFH algorithm [29] to compute the dominant
poles of the network and corresponding residues.

The transient response of linear interconnect networks can
be obtained analytically from the computed poles and residues.
In case of interconnect networks with nonlinear terminations, a
time-domain macromodel for the linear subnetwork is derived
[32] using the dominant poles and residues. This macromodel
takes the form of a set of ordinary differential equations, which
can be solved simultaneously with the nonlinear differential
equations describing the rest of the network using any of the
conventional circuit simulators such as SPICE.

VII. COMPUTIONAL RESULTS

A. Example 1

To verify the accuracy of the proposed algorithm, consider
the simple example shown in Fig. 4, which consists of a
transmission line terminated with resistive loads

in the presence of an incident uniform plane wave.
The electric field has a 1-V/m amplitude and a 1-ns rise/fall
time. The response of this circuit can be evaluated using the
analytical solution described in [1].

CFH was applied to this circuit for analysis up to a max-
imum frequency of 4.5 GHz. The maximum frequency can
be estimated based on the input rise time [39]. The number
of hops required was two. The time-domain response of this
circuit is shown in Fig. 5, which show that the CFH results
are consistent with the analytical results. Note that the CFH
algorithm requires only one L/U decomposition of the system
MNA for each frequency hope (two L/U decomposition in this
case). Conventional techniques require one L/U decomposition
for each frequency point. For 1000 frequency points, this
translates into a speed-up 500 : 1.

B. Example 2

To demonstrate the efficiency of the method, a relatively
large interconnect network extracted from the layout of an
industrial printed circuit board, consisting of 458 resistors, in-
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Fig. 5. Time-domain response of circuit in Example 1.

Fig. 6. Time-domain response of circuit in Example 2.

ductors and capacitors, and 12 transmission lines is considered.
The incident field is a uniform plane wave with electric field
of 1-V/m amplitude and 5-ns rise/fall time. CFH was applied
to this circuit for analysis up to 0.6 GHz.The number of hops
required was five. The algorithm for determining the order
of the expansion and the number of hops can be found in
[28], [29], and [31]. In Fig. 6, the CFH-generated transient
response is compared with the FFT response obtained using
1024 frequency-point solutions and, as seen, the two responses
are indistinguishable. It is to be noted that the dominant cost
of a frequency hop is the L/U decomposition of the MNA
matrix, which is approximately the CPU cost of one frequency-
point analysis using conventional techniques [19], [31]. The
speed-up ratio obtainable in this example is approximately
200 : 1.

VIII. C ONCLUSION

A method has been developed for the simulation of inter-
connect networks in the presence of incident EM fields. A

new interconnect stamp based on the MNA formulation has
been presented, and the CFH algorithm was generalized to
handle the new stamp. The proposed technique allows the
simulation of the EM immunity of high-speed systems while
benefiting from the CPU speed-up generated by the CFH
technique. This method can be easily extended to the analysis
of nonlinear terminations through macromodeling. This allows
the simulation of nonlinear terminations without having to
resort to convolution techniques.
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